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Abstract. As already shown by several authors, the reciprocity theorem can be rewritten as a simple
formula connecting the longitudinal coupling impedances of a particle travelling in the positive and negative
directions of an infinitely long vacuum chamber crossing a scattering structure (cavity, step junction, iris,
etc.) of general shape. The formula is valid for any particle velocity. As an example, we consider the case of
two semi-infinite circular vacuum chambers with different radii; for this case we give the explicit difference
between the coupling impedances and the wake potentials.

1 Introduction

The aim of this paper is to find, by means of the reciprocity
theorem, an explicit formula connecting the longitudinal
coupling impedances of particles travelling in opposite di-
rections.

We consider a general shape scatterer connected to
two semi-infinite vacuum chambers of general and dif-
ferent shapes. Through the z-axis of such a structure a
particle of charge q travels with a velocity1 v = βc. The
effects of the field radiated by the scatterer on the longi-
tudinal motion of the particle can be described through
the longitudinal coupling impedance. This impedance is a
global parameter in the frequency domain, useful to de-
scribe the interaction between the particle and the sur-
rounding structure. In the case of a particle of charge q it
is defined by the integral [1]

−qZ+
‖ (k) =

∫ +∞

−∞
Es+

z (r = 0, z)ej(k/β)zdz,

qZ−
‖ (k) =

∫ +∞

−∞
Es−

z (r = 0, z)e−j(k/β)zdz, (1)

where the superscripts + and − correspond, respectively,
to a particle travelling in the positive and negative z-axis
direction, Es±

z (r, z) is the radiated field, k = ω/c is the
wavenumber, and β is taken as positive.

Several authors have worked on this subject. Heifets
and Kheifets [2] gave a systematic review of theoretical re-
sults for the longitudinal and transverse impedances; they
showed results for a step in circular beampipes in the case
of ultrarelativistic particles (β = 1).

1 In this paper c is the speed of light

Kheifets and Zotter, in a book on wakes and coupling
impedances [3], using published results [4–6], give a for-
mula which is the same as our formula (17), but with-
out deriving an explicit result. Recently, Heifets and Zot-
ter [7] got another symmetry property of the longitudinal
coupling impedance for off-axis particles in the case of
structures with mirror symmetry with respect to z (which
implies identical beampipes on both ends).

2 The reciprocity theorem

The Lorentz reciprocity theorem [8] is very useful in the
solution of electromagnetic problems. As an example, it
is often used to deduce some general properties of mi-
crowave devices and antennas. Let us introduce the ex-
pression of the reciprocity theorem. Consider an electric
current source J+ located in a closed volume V and pro-
ducing a field E+, H+ and another electric current source
J− acting in the same volume V and producing a field
E−, H−. In such a case the reciprocity theorem reads, in
frequency domain:∮

S

(E+ × H− − E− × H+) · n̂dS

=
∫

V

(E− · J+ − E+ · J−)dV (2)

where S is the bounding surface of the closed volume V
and n̂ is the unit outer normal to S.

3 The geometry and the fields

The geometry of our problem is as general as possible. As
shown in Fig. 1, we consider a scatterer of general shape,
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Fig. 1. A scatterer of general shape
connecting two vacuum chambers

connected to a semi-infinite vacuum chamber of a certain
transverse section on one side and to another semi-infinite
vacuum chamber with a different transverse section on the
other side. All the metallic surfaces are perfect conductors.
Along the z-axis of such a structure a particle of charge q
travels with a velocity v = βc.

If the particle runs in the positive direction of the z-
axis (0 < β ≤ 1), then the electric current density for
the infinite waveguide in the frequency domain, using a
cylindrical coordinate system, is

J+(r, z) = ẑsgn(v)
qδ(r)
2πr

e−j(k/β)z, (3)

where δ(r) is the Dirac delta function. If the particle runs
in the opposite direction (−1 ≤ β < 0) the current density
is the opposite complex conjugate of the previous one,
namely J− = −(J+)∗.

Let us separate the fields into a primary field, which
exists when the scatterer is not present, and a scattered
field. If we assume that the dielectric is slightly lossy, the
radiated field vanishes at z = ±∞.

In each waveguide, the total field can be described by
the superposition of a field travelling with the charge itself
and a radiated field which travels away from the scatterer,
namely

E = E0 + Es, H = H0 + Hs.

The primary field E0, H0 is the field of a particle trav-
elling in an infinite vacuum chamber similar to one or the
other of the two semi-infinite chambers without disconti-
nuity and scatterers, while the radiated field Es, Hs is due
to the scatterer.

In the scatterer itself, E0 must be taken as the free-
space field which travels with the particle. The coupling
impedance involves only Es.

In the waveguides, E0 contains a contribution from
the walls which corresponds to a coupling impedance per
unit length; this contribution must be separated from Es

in order to avoid an infinite coupling impedance of the
waveguides.

In the reciprocity theorem expression (2) we can con-
sider J+ as the current due to a particle travelling in the
positive direction and J− as the opposite one. In such a
case the fields are

E+ = E0+ + Es+, H+ = H0+ + Hs+,
E− = E0− + Es−, H− = H0− + Hs−.

In Sect. 5 we give, as an example, the primary field of
a particle travelling in a circular waveguide.

In general, the scattered fields in the two vacuum cham-
bers (we identify the left one with subscript a and the right
one with subscript b) can be expanded into an orthogo-
nal set of transverse modal vectors En(r, ϕ) and Hn(r, ϕ)
which satisfy the metallic boundary conditions on the pipe
walls, leading to

Es+
a (r, ϕ, z) =

∑
n

a+
n Ea

n(r, ϕ)ejka
nz,

Hs+
a (r, ϕ, z) =

∑
n

a+
n Ha

n(r, ϕ)ejka
nz,

(4)

Es+
b (r, ϕ, z) =

∑
n

b+
n Eb

n(r, ϕ)e−jkb
nz,

Hs+
b (r, ϕ, z) =

∑
n

b+
n Hb

n(r, ϕ)e−jkb
nz,

(5)

Es−
a (r, ϕ, z) =

∑
n

a−
n Ea

n(r, ϕ)ejka
nz,

Hs−
a (r, ϕ, z) =

∑
n

a−
n Ha

n(r, ϕ)ejka
nz,

(6)

Es−
b (r, ϕ, z) =

∑
n

b−
n Eb

n(r, ϕ)e−jkb
nz,

Hs−
b (r, ϕ, z) =

∑
n

b−
n Hb

n(r, ϕ)e−jkb
nz.

(7)

We used the cylindrical coordinate system r, ϕ, but any
transverse coordinate system can be used. These expres-
sions are very general and involve both E and H modes.
Furthermore, the general expression for the primary fields
can be written as

E0+(r, ϕ, z) = E0+(r, ϕ)e−j(k/β)z,

E0−(r, ϕ, z) = E0−(r, ϕ)ej(k/β)z,
(8)

H0+(r, ϕ, z) = H0+(r, ϕ)e−j(k/β)z,

H0−(r, ϕ, z) = H0−(r, ϕ)ej(k/β)z,
(9)

where

E0−
z (r, ϕ) = −E0+

z (r, ϕ), E0−
r (r, ϕ) = E0+

r (r, ϕ),
H0−

ϕ (r, ϕ) = −H0+
ϕ (r, ϕ). (10)

4 Solution

Let us start with the right-hand side of the reciprocity
theorem in expression (2), in which we substitute the total
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field with the superposition of primary and radiated field:∫
V

[(E0− + Es−) · J+ − (E0+ + Es+) · J−]dV. (11)

As shown in Fig. 1, we choose as volume V the volume
enclosed by the inner surface of the general scatterer plus
the inner surfaces of the two vacuum chambers, closed by
the two cross-sections of vacuum chambers at abscissae
z1 < 0 and z2 > 0, respectively. Making use of (3), the
right-hand side of expression (2) becomes

q

∫ z2

z1

{
[E0−

z (r = 0, z) + Es−
z (r = 0, z)]e−j(k/β)z

+ [E0+
z (r = 0, z) + Es+

z (r = 0, z)]ej(k/β)z
}

dz.

Since, following (10), E0
z changes sign with v, the con-

tribution of the primary fields2 is zero in the scatterer as
well as in the waveguides. Therefore the previous expres-
sion reduces to

q

∫ z2

z1

[Es−
z (r = 0, z)e−j(k/β)z + Es+

z (r = 0, z)ej(k/β)z]dz.

With the definitions (1), this expression can be rewritten
as

q2[Z−
‖ (k) − Z+

‖ (k)]

−q

∫ z1

−∞
[Es−

z (r = 0, z)e−j(k/β)z

+Es+
z (r = 0, z)ej(k/β)z]dz

−q

∫ ∞

z2

[Es−
z (r = 0, z)e−j(k/β)z

+Es+
z (r = 0, z)ej(k/β)z]dz. (12)

This should be equal to the left-hand side of (2) where

(E+ × H− − E− × H+) · n̂

=

S0︷ ︸︸ ︷
(E0+ × H0− − E0− × H0+) · n̂

+

Ss︷ ︸︸ ︷
(Es+ × Hs− − Es− × Hs+) · n̂ (13)

+ (E0+ × Hs− − Es− × H0+ + Es+ × H0− − E0− × Hs+) · n̂︸ ︷︷ ︸
S0s

.

These three terms have to be integrated over the whole
bounding surface S. Let us explicitly note that the term
S0 is produced only by the primary field, whereas in Ss

and S0s the scattered field is also involved.
Note that all the surface integrals on the (perfectly

conducting) bounding surfaces of the vacuum chambers
and of the scatterer are zero, since they involve the tan-
gential component of electric fields. Only the integrals on

2 Note that the primary fields E0
z are divergent as ln r for

r → 0; see an example of primary fields in (20) and (23)

the two cross-sections of the waveguides at abscissae z1
and z2 give a contribution; let us call these surfaces Sa

and Sb. Using expressions (4) to (7) and expressions (8)
and (9):∮

SsdS =

[
−
∑

n

a+
n

∑
m

a−
m +

∑
n

a−
n

∑
m

a+
m

]

×
∫

Sa

[Ea
n(r, ϕ) × Ha

m(r, ϕ)] · ẑdSej(ka
n+ka

m)z1

+

[∑
n

b+
n

∑
m

b−
m −

∑
n

b−
n

∑
m

b+
m

]

×
∫

Sb

[Eb
n(r, ϕ) × Hb

m(r, ϕ)] · ẑdSe−j(kb
n+kb

m)z2 , (14)

∮
S0sdS =

[
−
∑

n

a−
n

∫
Sa

[EEE0+
a (r, ϕ) × Ha

n(r, ϕ)] · ẑdS

+
∑

n

a−
n

∫
Sa

[Ea
n(r, ϕ) × H0+

a (r, ϕ)] · ẑdS

]
e−j((k/β)−ka

n)z1

+

[
−
∑

n

a+
n

∫
Sa

[Ea
n(r, ϕ) × H0−

a (r, ϕ)] · ẑdS

+
∑

n

a+
n

∫
Sa

[E0−
a (r, ϕ) × Ha

n(r, ϕ)] · ẑdS

]
ej((k/β)+ka

n)z1

+

[∑
n

b−
n

∫
Sb

[E0+
b (r, ϕ) × Hb

n(r, ϕ)] · ẑdS

−
∑

n

b−
n

∫
Sb

[Eb
n(r, ϕ) × H0+

b (r, ϕ)] · ẑdS

]
e−j((k/β)+kb

n)z2

+

[∑
n

b+
n

∫
Sb

[Eb
n(r, ϕ) × H0−

b (r, ϕ)] · ẑdS (15)

−
∑

n

b+
n

∫
Sb

[E0−
b (r, ϕ) × Hb

n(r, ϕ)] · ẑdS

]
ej((k/β)−kb

n)z2 .

It is apparent that both the Ss and S0s terms have
an exponential factor which explicitly depends on the ab-
scissae z1 and z2; in the limit |z1|, z2 → ∞ these terms
vanish. This is obvious for the evanescent modes, when kn

is imaginary. When kn is real, we can justify this assertion
with two types of considerations.
(1) Consider that the dielectric filling the volume V has
very small losses, the amount of which is as little as we
want. This assumption does not change all the computa-
tion but establishes that any contribution which depends
on the abscissae z1 or z2 must vanish when z1 or z2 goes
to ±∞, through a small imaginary part of ka

n or kb
n.

(2) The contributions to the coupling impedance of the
terms Ss and S0s depend on ejkαz1,2 where kα represents
a generic wavenumber. It is apparent that a local average
over z1,2 of these contributions is zero, that is 〈ejkαz1,2〉 =
0 when kα is real.

Nevertheless, in Appendix A we give an explicit proof
that the exponentials in (12) and (15) are identical, and
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therefore cancel each other exactly on both sides of (2).
Regarding (14), when integrated over S, the Ss term van-
ishes completely because of the orthogonality relations [9]:∫

S

[En × Hm]zdS = δnm

∫
S

[En × Hn]zdS. (16)

Therefore, in general we have

q2[Z−
‖ (k) − Z+

‖ (k)]

=
∫

Sa

(E0+ × H0− − E0− × H0+) · n̂dS

+
∫

Sb

(E0+ × H0− − E0− × H0+) · n̂dS, (17)

and the difference between coupling impedances involves
only integrals of the primary fields which are independent
of z1 and z2. It is easy to see [3] that in a perfectly con-
ducting waveguide

E0− =
(
E0+)∗ , H0− = − (H0+)∗ . (18)

Therefore (17) can also be rewritten as

q2[Z−
‖ (k) − Z+

‖ (k)]

= −
∫

Sa

2 Re[E0+ × (H0+)∗] · n̂dS

−
∫

Sb

2 Re[E0+ × (H0+)∗] · n̂dS. (19)

5 Circular vacuum chambers

For the sake of clarity, and to reach a final closed formula,
let us now restrict ourselves to the case of circular waveg-
uides. Let us consider a particle of charge q travelling with
a constant velocity v = βc along the axis of a perfectly
conducting circular waveguide of radius a. The electro-
magnetic field sustained by this particle exhibits a E0
mode structure with azimuthal symmetry, having only ra-
dial and longitudinal components for the electric field, and
an azimuthal component for the magnetic field. Choosing
a cylindrical reference frame coaxial to the waveguide, we
have [10]

E0+
az (r, z) = sgn(ω)

jqζ0κ

2πβγ

×
[
K0(κr) − I0(κr)

K0(κa)
I0(κa)

]
e−j(k/β)z, (20)

E0+
ar (r, z) =

qζ0κ

2π|β|
×
[
K1(κr) + I1(κr)

K0(κa)
I0(κa)

]
e−j(k/β)z, (21)

H0+
aϕ (r, z) = sgn(β)

qκ

2π

×
[
K1(κr) + I1(κr)

K0(κa)
I0(κa)

]
e−j(k/β)z, (22)

where γ = (1−β2)−1/2 is the Lorentz factor, κ = |k/(βγ)|
is the normalized wavenumber, ζ0 = (µ0/ε0)1/2 is the
impedance of free space, and In(x) and Kn(x) are modi-
fied Bessel functions of the first and second kind of order
n, respectively. It is worth noting that

E0+
ar (r, z)

H0+
aϕ (r, z)

=
ζ0

β
.

For a particle travelling in the negative direction of the
z-axis,

E0−
az (r, z) = −sgn(ω)

jqζ0κ

2πβγ

×
[
K0(κr) − I0(κr)

K0(κa)
I0(κa)

]
ej(k/β)z, (23)

E0−
ar (r, z) =

qζ0κ

2πβ

×
[
K1(κr) + I1(κr)

K0(κa)
I0(κa)

]
ej(k/β)z, (24)

H0−
aϕ (r, z) = − qκ

2π

×
[
K1(κr) + I1(κr)

K0(κa)
I0(κa)

]
ej(k/β)z. (25)

In the formulae (23)–(25) β is taken as positive.
In the limit a → ∞, we have the well-known field of a

charged particle travelling in free space:

E0+
z (r, z) = sgn(ω)

jqζ0κ

2πβγ
K0(κr)e−j(k/β)z, (26)

E0+
r (r, z) =

qζ0κ

2π|β|K1(κr)e−j(k/β)z, (27)

H0+
ϕ (r, z) = sgn(β)

qκ

2π
K1(κr)e−j(k/β)z. (28)

If the particle moves at the speed of light, namely |β| = 1,
all the previous formulae simplify. Because of the behavior
of the modified Bessel functions for small arguments [11],
the fields of a particle moving on the axis of an infinite
waveguide exhibit a TEM mode structure:

E0+
z (r, z) = 0, E0+

r (r, z) =
qζ0

2πr
e−jkzsgn(β),

H0+
ϕ (r, z) = sgn(β)

q

2πr
e−jkzsgn(β). (29)

In the case of a circular vacuum chamber, the integra-
tion of the S0 term in (17) leads to∫

Sa

S0dS =
∫

Sa

[−E0a+
r (r)H0a−

ϕ (r) + E0a−
r (r)H0a+

ϕ (r)]dS,∫
Sb

S0dS =
∫

Sb

[E0b+
r (r)H0b−

ϕ (r) − E0b−
r (r)H0b+

ϕ (r)]dS,

where, for example, according to (8), the term E0a+
r (r)

designates the primary field expression without the expo-
nential factor. Substituting the primary field expressions
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(20)–(25) we obtain∫
Sa

S0dS +
∫

Sb

S0dS = 2π
ζ0

|β|
( q

2π

)2
2κ2

×
{∫ a

0

[
K1(κr) + I1(κr)

K0(κa)
I0(κa)

]2
rdr

−
∫ b

0

[
K1(κr) + I1(κr)

K0(κb)
I0(κb)

]2
rdr

}
. (30)

It is apparent that we need the following type of inte-
grals [12]:

2κ2
∫ ∞

a

[K1(κr)]2rdr

= −[κaK1(κa)]2 + [κaK0(κa)]2 + 2κaK1(κa)K0(κa),

2κ2
∫ a

0
[I1(κr)]2rdr

= [κaI1(κa)]2 − [κaI0(κa)]2 + 2κaI1(κa)I0(κa),

2κ2
∫ a

0
K1(κr)I1(κr)rdr

= (κa)2K1(κa)I1(κa) + (κa)2K0(κa)I0(κa)
− 2κaI1(κa)K0(κa). (31)

In (30),∫ a

0
[K1(κr)]2 rdr =

∫ ∞

0
[K1(κr)]2 rdr

−
∫ ∞

a

[K1(κr)]2 rdr, (32)

where
∫ ∞

0
[K1(κr)]2 rdr is infinite but independent of a;

this integral represents the (infinite) power flux of a point
charge in free space.

Finally, making use of (17), after algebraic manipula-
tions we obtain

Z−
‖ (k) − Z+

‖ (k) =
ζ0

2π|β|
{

2K0(κ
)
I0(κ
)

− 1
[I0(κ
)]2

}�=b

�=a

,

(33)
which is a general expression valid for any frequency and
particle velocity. The function which appears in the curly
brackets of expression (33) is plotted in Fig. 2.

Note that the right-hand side of (33) is real and this
means that the imaginary parts of impedances are always
equal, namely

Im[Z−
‖ (k)] = Im[Z+

‖ (k)].

Furthermore, it is apparent that if the vacuum chamber
radii are equal (a = b), then the real parts of impedances
for particles travelling in opposite directions are also equal,
namely Re[Z−

‖ (k)] = Re[Z+
‖ (k)], in spite of any existing

scatterer.
Figure 3 shows the longitudinal coupling impedance

of a step junction between two waveguides. In this figure

Fig. 2. The function F (κ�) =
[
2K0(κ�)/I0(κ�) − 1/[I0(κ�)]2

]

versus ln (κ�), where � = a or b. For κ� � 1, the asymptotic
behavior is 2π(1 − κ�)e−2κ�

Z+ is the so called step-out case, whereas Z− is the step-
in case. We get the numerical results for both cases by
using a standard mode matching technique [2,10,13]; af-
terwards we compute the difference and compare it to the
theoretical formula (33).

The numerical computations have been made with
MatLab, Na modes being used in waveguide a, and Nb
modes in waveguide b. The relative error is small as long
as the absolute values of the impedances are not too small,
even though the total number of modes used, Na + Nb =
362, is not particularly large.

5.1 Limiting cases

The previous expression (33) simplifies very much when
the particle runs at light velocity, namely |β| = 1, or when,
for any velocity, we approach the limit k → 0.

In the first case the expressions (20)–(25) for the pri-
mary fields become

E0+
z (r, z) = 0, E0+

r (r, z) =
qζ0

2πr
e−jkz,

H0+
ϕ (r, z) =

q

2πr
e−jkz,

E0−
z (r, z) = 0, E0−

r (r, z) =
qζ0

2πr
ejkz,

H0−
ϕ (r, z) = − q

2πr
ejkz. (34)

We explicitly note that there is no longer any dependence
on the vacuum chamber radius. So, we obtain

Z−
‖ − Z+

‖ = −ζ0

π
ln(b/a) (35)

which is constant and independent of wavenumber k. This
result is reported in several papers of the literature; see
for example [2].
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Fig. 3. (a) The normalized coupling impedances [normalized
to ζ0/(2π)] for a step between two circular waveguides, eval-
uated by a mode matching code. The total number of modes
is Na + Nb = 362. The real part of the impedance is shown
for the step-out and the step-in cases; the imaginary part
is the same for both cases. (b) The difference of the cou-
pling impedances Z+ − Z− evaluated by the analytical for-
mula (33) [normalized to ζ0/(2π)]. The value at the origin is
2 ln(b/a). (c) The relative error between (a) and (b), computed
as 2((a) − (b))/((a) + (b)). In all cases βγ = 10 and a/b = 0.6.
Note that Z+ is the step-out case, when the particle travels
from the small to the large waveguide

If the wavenumber k → 0, the primary fields are
slightly different from the previous ones:

E0+
z (r, z) = 0, E0+

r (r, z) =
qζ0

2π|β|r ,

H0+
ϕ (r, z) =

q

2πr
,

E0−
z (r, z) = 0, E0−

r (r, z) =
qζ0

2π|β|r ,

H0−
ϕ (r, z) = − q

2πr
, (36)

and in this case

Z−
‖ − Z+

‖ = − ζ0

π|β| ln(b/a), (37)

which is the difference at k = 0. Of course, we recover the
previous limiting case when |β| = 1.

6 Wake potentials

In the present section we deduce the analytical expression
for the difference of wake potentials by taking the inverse
Fourier transform of formula (33), which reads

W−(τ) − W+(τ) =
1

2πε0|β| (38)

×
∫ ∞

0

1
π

{
2K0(k
)
I0(k
)

− 1
[I0(k
)]2

}�=b/|βγ|

�=a/|βγ|
cos(kcτ)dk.

In this equation we mainly have to Fourier transform the
function of k

F (k
) =
2K0(k
)
I0(k
)

− 1
[I0(k
)]2

, (39)

where now 
 = a/|βγ| or 
 = b/|βγ|. The inverse Fourier
transform of (39) is f(cτ, 
) with

πf(cτ, 
) =
∫ ∞

0
F (k
) cos(kcτ)dk (40)

=
∫ ∞

0
2 cos(kcτ)

K0(k
)
I0(k
)

dk −
∫ ∞

0

cos(kcτ)
[I0(k
)]2

dk.

Noting that∫ ∞

0
cos(kcτ)

K0(k
)
I0(k
)

dk =
1
cτ

∫ ∞

0

sin(kcτ)
k[I0(k
)]2

dk

and introducing the auxiliary function

u(cτ, 
) =
∫ ∞

0

sin(kcτ)
k[I0(k
)]2

dk, (41)

(40) becomes

πf(cτ, 
) =
2
cτ

u(cτ, 
) − u′(cτ, 
), (42)
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where

u′(cτ, 
) =
∂u

∂(cτ)
and u(0, 
) = 0. (43)

From (42) and (41) we note that

πf(0, 
) = lim
τ→0

u(cτ, 
)
cτ

=
1



∫ ∞

0

dx

[I0(x)]2
=

π




A

2
. (44)

The numerical value of the integral can be obtained by
Mathematica as

A =
2
π

∫ ∞

0

dx

[I0(x)]2
= 0.870690132537944. (45)

The function 1/[I0(x)]2, as will be shown in Appendix C,
can be expanded in a series [14] as

1
[I0(x)]2

= 1 − 4x2
∞∑

n=1

1
[J1(jn)]2(x2 + j2

n)2
, (46)

where the jn are the zeros of the Bessel function of order
zero, namely J0(jn) = 0 ∀n.

After an integration term by term, the auxiliary func-
tion (41) becomes

u(cτ, 
) = sgn(cτ)

[
π

2
− πc|τ |




∞∑
n=1

e−c|τ |jn/�

jn[J1(jn)]2

]
, (47)

and, as a consequence, u′(cτ, 
) reads

u′(cτ, 
) = −π




[ ∞∑
n=1

e−c|τ |jn/�

jn[J1(jn)]2
− c|τ |




∞∑
n=1

e−c|τ |jn/�

[J1(jn)]2

]
.

(48)
There is no Dirac function δ(cτ) in u′(cτ, 
) because
u(0, 
) = 0. Therefore, from (42) we can write

f(cτ, 
) =
1

c|τ | (49)

− 1



[ ∞∑
n=1

e−c|τ |jn/�

jn[J1(jn)]2
+

c|τ |



∞∑
n=1

e−c|τ |jn/�

[J1(jn)]2

]
.

It is apparent that the expression 
f(cτ, 
) is a universal
function of c|τ |/
, which is plotted in Fig. 4.

Using (40) with (49) in (38) immediately yields the an-
alytic expression for the difference of the wake potentials
as

W−(τ) − W+(τ) =
1

2πε0|β|

{
1

c|τ | − 1



[ ∞∑
n=1

e−c|τ |jn/�

jn[J1(jn)]2

+
c|τ |



∞∑
n=1

e−c|τ |jn/�

[J1(jn)]2

]}�=b/|βγ|

�=a/|βγ|
. (50)

Note that the expansion (49) has a very fast conver-
gence if the argument c|τ |/
 is not too small, while a small
c|τ |/
 leads to a very slow convergence. In the latter case

Fig. 4. The universal function �f(cτ, �) versus s = cτ/�; here
� = a/|βγ| or b/|βγ|. The value at the origin is A/2 = 0.435345.
For s > 5, this function is equal to (1/s − fast decreasing
exponentials)

it is possible to speed up the convergence by using the
asymptotic expansions of the Bessel function J1(jn) and
of the jn [11]:

J1(jn) ≈
√

2
πjn

, jn ≈ (n − 1/4)π,

and therefore, letting

ξ =
π

2

∣∣∣cτ



∣∣∣ : (51)

∞∑
n=1

e−c|τ |jn/�

jn[J1(jn)]2
=

∞∑
n=1

e−jn(2/π)ξ

jn[J1(jn)]2
≈ π

2

∞∑
n=1

e−(n−1/4)2ξ

=
π

2
e−(3/2)ξ

1 − e−2ξ
=

π

4
e−(ξ/2)

sinh(ξ)
,

∞∑
n=1

e−c|τ |jn/�

[J1(jn)]2
=

∞∑
n=1

e−jn(2/π)ξ

[J1(jn)]2

= −π

2
d
dξ

∞∑
n=1

e−jn(2/π)ξ

jn[J1(jn)]2

≈ π2

2

∞∑
n=1

(n − 1/4)e−(n−1/4)2ξ

=
π

2
π

4

[
1
2

e−(ξ/2)

sinh(ξ)
+

e−ξ/2

sinh2(ξ)
cosh(ξ)

]
.

From (49), we can write for small τ


f(cτ, 
) ≈ π

4

{
2
ξ

− e−ξ/2

sinh ξ

− ξ

[
1
2

e−ξ/2

sinh ξ
+

e−ξ/2

sinh2 ξ
cosh ξ

]}
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≈ π

4

{
2
ξ

− e−ξ/2

sinh ξ
[1 + ξ coth ξ] − ξ

2
e−ξ/2

sinh ξ

}
.

The formula (49) can then be expressed in a way which
has faster convergence:

f(cτ, 
)=
1

c|τ | − 1



∞∑
n=1

{
e−c|τ |jn/�

jn[J1(jn)]2
− π

2
e−(n−1/4)πc|τ |/�

}

− c|τ |

2

∞∑
n=1

{
e−c|τ |jn/�

[J1(jn)]2
− π2

2
(n − 1/4)e−(n−1/4)πc|τ |/�

}

− 1



π

4
e−(π/4)c|τ |/�

sinh
(π

2
c|τ |/


) − c|τ |

2

π

2
π

4


1

2
e−(π/4)c|τ |/�

sinh
(π

2
c|τ |/


)

+
e−(π/4)c|τ |/�

sinh2
(π

2
c|τ |/


) cosh
(π

2
c|τ |/


) . (52)

For numerical computations, the difference of the wake
potentials (50) may thus be better rewritten as

W+(τ) − W−(τ) =
1

2πε0|β|
π

2

×

1




〈 ∞∑
n=1

[
2
π

e−c|τ |jn/�

jn[J1(jn)]2
− e−(n−1/4)πc|τ |/�

]

+
c|τ |



∞∑
n=1

[
2
π

e−c|τ |jn/�

[J1(jn)]2
− π(n − 1/4)e−(n−1/4)πc|τ |/�

]

+
1
2

e−(π/4)c|τ |/�

sinh
(π

2
c|τ |/


) +
c|τ |



π

4


1

2
e−(π/4)c|τ |/�

sinh
(π

2
c|τ |/


)

+
e−(π/4)c|τ |/�

sinh2
(π

2
c|τ |/


) cosh
(π

2
c|τ |/


)〉



�=b/|βγ|

�=a/|βγ|

. (53)

The 1/(c|τ |) term of f(cτ, 
) in (52) has disappeared
in (53) because it does not depend on 
.

Figure 5 shows a comparison between the formula (53)
and the results obtained from a mode matching code [10]
by a Fourier transformation of the complex impedances3.
It should also be noted that the wake potentials are nor-
malized to 1/(ε0a) in [10], whereas in the present paper
they are normalized to 1/(4πε0a). The relative error be-
comes large when |s| > 0.5 because the absolute values
become very small.

The value of the difference of the wake potentials for
τ = 0 can be evaluated in a simple way by using (38), (40)
and (44):

W−(0) − W+(0) =
1

2πε0|β|
{

1



}�=b/|βγ|

�=a/|βγ|

A

2

3 It should be noted that in [10], there is an error in the
scale of the horizontal axis of Figs. 32 and 33: the published
scale should be multiplied by 1.407195

Fig. 5. (a) The normalized wake potentials [normalized to
1/(4πε0a)] for a step between two circular waveguides, eval-
uated by a mode matching code, with Na + Nb = 362.
The Fourier transform of the impedances is computed with
9000 points. (b) The difference of the wake potentials W+ −
W − evaluated by the analytical formula (53) [normalized
to 1/(4πε0a)]. The value at the origin is γ (1 − (a/b)) A.
(c) The relative error between (a) and (b), computed as
2((a) − (b))/((a) + (b)). In all cases βγ = 10 and a/b = 0.6



D. Davino et al.: On the coupling impedance for particles with opposite velocities 617

= − γ

4πε0

(
1
a

− 1
b

)
A. (54)

6.1 Physical interpretation of expression (47)

The expression (47) can be rewritten as

u(cτ, 
) = −π

2
sgn(cτ)ζ

{
2

∞∑
n=1

e−jnζ

jn[J0(jn)]2
− 1

ζ

}
, (55)

where ζ = |cτ/
|.
This should be compared to the electrostatic potential

[15] produced by a point charge q placed at the origin on
the axis of a circular conducting cylinder of radius a:

V (r, z) =
q

4πε0a

{
2

∞∑
n=1

e−jn|z/a| J0(jnr/a)
jn[J0(jn)]2

− a√
r2 + z2

}
. (56)

In (56) the first term represents the total potential [15],
from which we have subtracted (second term) the poten-
tial of the charge q in free space, so that the difference
V (r, z) is the potential produced by the image charges on
the cylinder wall; the latter potential stays finite at the
origin r = z = 0. The potential V (0, z) produced on the
cylinder axis by the image charges on the wall can be ob-
tained by comparing (56) with r = 0 to (55); it is related
to the function u(cτ, 
) by

V (0, z) =
q

4πε0a

[
− 2

π
a
u(z, a)

z

]
.

The value of V (0, 0) thus reads

V (0, 0) =
q

4πε0a
lim
τ→0

[
− 2

π


u(cτ, 
)

cτ

]

= − q

4πε0a

2
π

∫ ∞

0

dx

[I0(x)]2︸ ︷︷ ︸
A=0.870690

(57)

from (44) and (45). In (57), −(q/4πε0a) would be the
potential produced at the origin by an image charge −q
concentrated in the plane z = 0 on the cylinder. Since in
reality the image charge is not concentrated at z = 0, this
potential is reduced by a factor A < 1.

Note that the electrostatic energy of the charge q at
rest in the cylinder of radius a is, apart from its self-energy,

1
2
qV (0, 0) = − q2

4πε0a

A

2
. (58)

If the charge is moving with velocity v on the axis of the
cylinder, its total electromagnetic energy equals the in-
tegral from t = −∞ to +∞ of the flux of the Poynt-
ing vector in time domain through a cross-section of the
waveguide. By Parseval’s theorem, this integral is equal to

the inverse Fourier transform at τ = 0 of the flux of the
complex Poynting vector in frequency domain through a
cross-section of the waveguide:∫

Sa

[E0+ × (H0+)∗] · ẑdS =
∫

Sa

Re[E0+ × (H0+)∗] · ẑdS.

(59)
We may restrict ourselves to the real part of this ex-

pression because the total integral must be real. Again,
as in (32), we must subtract from the integral the infi-
nite power flux of the point charge in free space, which
corresponds to the self-energy of the charge, and which
disappears in the difference (19). Since the integral (59)
appears, multiplied by a factor 2, in (19), we can obtain
its inverse Fourier transform at τ = 0 by taking half of
the result which appears in (54) for waveguide a:

−q2 γ

4πε0a

A

2
= γ

1
2
qV (0, 0). (60)

Again, the self-energy of the charge q is not counted in
this expression. In (60), we verify the relativistic transfor-
mation of the rest energy (58) through the factor γ [16].

6.2 Physical interpretation of expression (54)

Let us rewrite expression (54) as

W+(0) − W−(0) =
γ

4πε0
A

(
1
a

− 1
b

)
. (61)

Since qW (τ) = −sgn(v)
∫ +∞

−∞ Es
z(r = 0, z, z/v + τ)dz,

it follows that q2W (0) represents the total energy lost by
the particle from t = −∞ to t = ∞. This energy is made
up of two parts: one part is used to compensate for the
energy change in the image charges of the charge q when
going from the input waveguide to the output waveguide;
the second part is radiated from the scatterer. Using (58)
and (60) we obtain

W+(0) =
γ

4πε0

A

2

(
−1

b
+

1
a

)
+

1
q2 E+

rad,

W−(0) =
γ

4πε0

A

2

(
−1

a
+

1
b

)
+

1
q2 E−

rad, (62)

which yields

W+(0) − W−(0) =
γ

4πε0
A

(
1
a

− 1
b

)
+

1
q2 (E+

rad − E−
rad).

(63)
The comparison with (61) shows that E−

rad = E+
rad: the

amount of energy radiated from the scatterer does not
depend on the direction of motion of the particle.

When |βγ| = ∞, causality requires that W−(τ) =
W+(τ) = 0 for τ < 0. Since [W−(τ) − W+(τ)] is an even
function of τ, this difference must vanish everywhere ex-
cept at τ = 0. We verify that when |βγ| = ∞, (38) reduces
to

W+(τ) − W−(τ) =
1

2πε0|β|2 ln
(

b

a

)
δ(cτ)
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=
1

πε0a
ln
(

b

a

)
δ
(vτ

a

)
. (64)

Such a behavior is already apparent in Fig. 5(b,) which
shows the case a/b = 0.6, βγ = 10.

7 Conclusions

After having derived once again the difference of the cou-
pling impedances for particles with opposite velocities by
using the reciprocity theorem, we apply the resulting for-
mulae to the case of two circular waveguides of different
radii, for which we compute explicitly the difference of the
coupling impedances and of the wake potentials.

Appendix

A An explicit proof of formula (17)

In this appendix we give a complete proof that the differ-
ence of the coupling impedances is independent from the
scattered fields in the waveguides, namely of the conjec-
ture presented in Sect. 4. Let us start from the left-hand
side of (2):

[E+ × H−]z − [E− × H+]z

=

S0︷ ︸︸ ︷
[E0+ × H0−]z − [E0− × H0+]z

+

Ss︷ ︸︸ ︷
[Es+ × Hs−]z − [Es− × Hs+]z

+ [E0+ × Hs−]z − [Es− × H0+]z + [Es+ × H0−]z − [E0− × Hs+]z
︸ ︷︷ ︸

S0s

.

The S0 term does not depend on z. When integrated
over S, the Ss term disappears because of the orthogonal-
ity relations (16) in (14).

About the S0s term, let us remember that the primary
field is an E mode. Therefore we have [17]

E0+
⊥ =

jk

βκ2 grad⊥E0+
z ,

ζ0H0+
⊥ = −β[E0+

⊥ × ẑ],

E0−
⊥ = − jk

βκ2 grad⊥E0−
z ,

ζ0H0−
⊥ = β[E0−

⊥ × ẑ]. (A.1)

In waveguide a we may rewrite the relations (4) to (7) as

Es±
⊥ =

∑
n

a±
n Ene−jkn|z|,

Hs±
⊥ =

∑
n

a±
n Hne−jkn|z|,

Es±
z =

∑
n

a±
n Enze−jkn|z|,

Hs±
z =

∑
n

a±
n Hnze−jkn|z|. (A.2)

The same relations apply to waveguide b, with a±
n replaced

by b±
n .
Also, the following relations [17] apply between the

transverse modal vectors of a generic waveguide:

for E modes: Hnz = 0, ζ0Hn = −sgn(z)
k

kn
[En × ẑ],

En = −sgn(z)
jkn

k2
cn

grad⊥Enz, (A.3)

for H modes: Enz = 0, En = sgn(z)ζ0
k

kn
[Hn × ẑ],

Hn = −sgn(z)
jkn

k2
cn

grad⊥Hnz, (A.4)

where k2
cn = k2 − k2

n.
Let us now consider the E modes and the term [E0+ ×

Hs−]z of S0s:

[E0+ × Hs−]z =
∑

n

a−
n e−jkn|z|[E0+

⊥ × Hn]z

= − 1
ζ0

sgn(z)
∑

n

a−
n e−jkn|z| k

kn
[E0+

⊥ × [En × ẑ]]z

=
1
ζ0

sgn(z)
∑

n

a−
n e−jkn|z| k

kn
(E0+

⊥ · En). (A.5)

With (A.3) and (A.1) the term (En · E0+
⊥ ) can be written

as

(En · E0+
⊥ ) = −sgn(z)

jkn

k2
cn

jk

βκ2 (grad⊥Enz · grad⊥E0+
z ),

(A.6)
where the fields E0+

z and Enz verify the Helmholtz equa-
tions:

	⊥E0±
z − κ2E0±

z = 0, 	⊥Enz + k2
cnEnz = 0,

whence

div(E0+
z grad⊥Enz)

= grad⊥E0+
z · grad⊥Enz − k2

cnEnzE
0+
z ,

div(Enzgrad⊥E0+
z )

= grad⊥Enz · grad⊥E0+
z + κ2E0+

z Enz.

Therefore

κ2div(E0+
z grad⊥Enz) + k2

cndiv(Enzgrad⊥E0+
z )

= (κ2 + k2
cn)(grad⊥Enz · grad⊥E0+

z ),

which can be integrated over the transverse cross-section:

(κ2 + k2
cn)
∫

S

(grad⊥Enz · grad⊥E0+
z )dS (A.7)

= ±κ2
∮

∂S

E0+
z

∂Enz

∂r
ds ± k2

cn

∮
∂S

Enz
∂E0+

z

∂r
ds,
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where the line integral over ∂S must also include a small
circle around the axis (r = 0) where the primary field is
singular and ds = rdϕ. The ± sign should be taken as +
on the waveguide wall, and as − on the small circle around
the z-axis.

The first integral in the right-hand side of (A.7) is zero,
since on the contour of the transverse cross-section E0+

z is
equal to zero, and since on the circle around the axis the
primary field behaves as log(κr) (it is the free-space term
K0(κr)); the limit for r → 0 of the product r log(r) is zero.
The second integral is equal to zero on the waveguide wall
where Enz = 0; the contribution of the small circle around
the z-axis is, with (20),

−k2
cnEnz(r = 0)qζ0

κ2

jk
e−j(k/β)z, β > 0,

since the primary field E0+
z contains a free-space term

K0(κr) whose radial derivative behaves as 1/r when r →
0, and the limit of its product by r is finite. Therefore,
(A.7) yields∫

S

(grad⊥Enz · grad⊥E0+
z )dS

= −qζ0
k2

cn

κ2 + k2
cn

κ2

jk
Enz(r = 0)e−j(k/β)z,

where β > 0. Finally, gathering (A.5), (A.6), and (A.7),
the integral over S of the term [E0+ × Hs−]z of S0s reads∫

S

[E0+ × Hs−]zdS (A.8)

=
q

β

∑
n

jk

κ2 + k2
cn

a−
n Enz(r = 0)e−jkn|z|−j(k/β)z.

Let us now consider the term [Es− × H0+]z of S0s.
With (A.2) and (A.1) we have

[Es− × H0+]z = − β

ζ0

∑
n

a−
n e−jkn|z|[En × [E0+

⊥ × ẑ]]z

=
β

ζ0

∑
n

a−
n e−jkn|z|(En · E0+

⊥ ).

By analogy with (A.8) the integral of this term over S is∫
S

[Es− × H0+]zdS (A.9)

= qsgn(z)
∑

n

jkn

κ2 + k2
cn

a−
n Enz(r = 0)e−jkn|z|−j(k/β)z.

With (A.2) and (A.1) the term [Es+ × H0−]z becomes

[Es+ × H0−]z =
β

ζ0

∑
n

a+
n e−jkn|z|[En × [E0−

⊥ × ẑ]]z

= − β

ζ0

∑
n

a+
n e−jkn|z|(En · E0−

⊥ ). (A.10)

Comparing with (A.5), we see that E0+
⊥ has been replaced

by E0−
⊥ ; from (8) and (10) this only means replacing

e−j(k/β)z by ej(k/β)z. Therefore, by analogy with (A.8),
the integral over S of (A.10) reads∫

S

[Es+ × H0−]zdS

= −qsgn(z)
∑

n

jkn

κ2 + k2
cn

a+
n Enz(r = 0)e−jkn|z|+j(k/β)z,

β > 0. (A.11)

For the last term [E0− × Hs+]z of the E modes,

[E0− × Hs+]z

= − sgn(z)
ζ0

∑
n

a+
n e−jkn|z| k

kn
[E0−

⊥ × (En × ẑ)]z

=
sgn(z)

ζ0

∑
n

a+
n e−jkn|z| k

kn
(En · E0−

⊥ ),

and the integral of this term over S is∫
S

[E0− × Hs+]zdS

=
q

β

∑
n

jk

κ2 + k2
cn

a+
n Enz(r = 0)e−jkn|z|+j(k/β)z. (A.12)

Finally, the whole integral of the S0s term reads, for
the E modes,∫

S

S0sdS = q
∑

n

j

κ2 + k2
cn

[
k

β
− sgn(z)kn

]
× a−

n Enz(r = 0)e−jkn|z|−j(k/β)z

+ q
∑

n

j

κ2 + k2
cn

[
−k

β
− sgn(z)kn

]
× a+

n Enz(r = 0)e−jkn|z|+j(k/β)z. (A.13)

In the left-hand side of (2), because of the direction of the
outer normal n̂, this integral over the waveguide cross-sec-
tion must be taken with a −sign at z1 and with a +sign
at z2.

We will now show that this expression taken at z1 or
z2 is identical to the corresponding exponential terms in
(12), which is a form of the right-hand side of (2), and
therefore they exactly cancel each other. For example, the
indefinite integral of Es−

z in (12) reads, with (A.2),

q

∫
Es−

z (r = 0, z)e−j(k/β)zdz

= q
∑

n

a−
n Enz(r = 0)

∫
e−jkn|z|e−j(k/β)zdz

= q
∑

n

a−
n Enz(r = 0)

j

k

β
+ sgn(z)kn

e−jkn|z|−j(k/β)z

= q
∑

n

a−
n Enz(r = 0)

[
k

β
− sgn(z)kn

]
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× j

κ2 + k2
cn

e−jkn|z|−j(k/β)z

because k2
cn = k2 − k2

n. This expression is identical to the
first term of (A.13); in (12), it must also be taken with a
−sign at z1 and with a +sign at z2. The same applies to
the integral of Es+

z in (12). Therefore, the definite integrals
cancel each other exactly in (2).

Let us now consider the H modes and the terms [E0+
⊥ ×

Hn]z which appear in [E0+ × Hs−]z of S0s. With (A.1),

[E0+
⊥ × Hn]z =

jk

βκ2 [grad⊥E0+
z × Hn]z

=
jk

βκ2

{
curl(E0+

z Hn) − E0+
z curl(Hn)

}
z
.

From (A.4), the last term is equal to zero for the H modes.
As a consequence, with only the first term left we have∫

S

[grad⊥E0+
z × Hn]zdS =

∫
S

curlz(E0+
z Hn)dS

=
∮

∂S

E0+
z Hn · ds,

which is zero for the same reasons as the first term in the
right-hand side of (A.7). Therefore∫

S

[E0+
⊥ × Hn]zdS = 0. (A.14)

Similarly ∫
S

[E0−
⊥ × Hn]zdS = 0.

Consider now the terms [En × H0+]z which appear in
[Es− × H0+]z of S0s; from (A.1) and (A.4) we obtain

[En × H0+]z = − β

ζ0
[En × [E0+

⊥ × ẑ]]z =
β

ζ0
(En · E0+

⊥ )

= sgn(z)β
k

kn
E0+

⊥ · [Hn × ẑ]

= sgn(z)β
k

kn
[E0+

⊥ × Hn]z.

Therefore, with (A.14),∫
S

[En × H0+]zdS = 0. (A.15)

Similarly ∫
S

[En × H0−]zdS = 0.

Finally, due to (A.14) and (A.15), the contribution of S0s

vanishes for the H modes, as it should because the H
modes do not contribute to (12).

B Another derivation of formula (33)

Let us now derive the expression (33) by using another
method. From (17) and (30) we can write

Z−
‖ (k) − Z+

‖ (k) =
ζ0

2π|β| [
(b) − 
(a)], (B.1)

where


(
) = lim
r→0

∫ κ�

κr

−
[
K1(x) + I1(x)

K0(κ
)
I0(κ
)

]2
2xdx. (B.2)

Let us introduce the auxiliary function

G(x) = K0(x)− I0(x)
K0(κ
)
I0(κ
)

, with G(κ
) = 0. (B.3)

It is easy to verify the following properties:

G′(x) = −
[
K1(x) + I1(x)

K0(κ
)
I0(κ
)

]
,

G′(κ
) = − 1
κ
I0(κ
)

,∫
(G′)22xdx = 2xG′G − 2

∫
G

d
dx

(xG′)dx

= 2xGG′ − 2
∫

G2xdx

= 2xGG′ − x2G2 + 2
∫

(xG)(xG′)dx

= 2xGG′ − x2G2 + (xG′)2

because the Bessel differential equation for functions of
order zero yields (d/dx)(xG′) = xG. Therefore, the equa-
tion (B.2) can also be written as


(
) = lim
r→0

{
− 1

[I0(κ
)]2
+ 2κrG(κr)G′(κr)

− [κrG(κr)]2 + [κrG′(κr)]2
}

= − 1
[I0(κ
)]2

− lim
r→0

2
[
K0(κr) − I0(κr)

K0(κ
)
I0(κ
)

]
+ 1

because limr→0 κrG′(κr) = −1,

= − 1
[I0(κ
)]2

+ 1 − lim
r→0

2K0(κr) + 2
K0(κ
)
I0(κ
)

.

The radius r of the infinitely thin cylinder around the
beam must be the same in both waveguides; therefore the
infinite K0(κr) term which does not depend on 
, disap-
pears in the difference (B.1).

Finally


(b) − 
(a) =
{

− 1
[I0(κ
)]2

+ 2
K0(κ
)
I0(κ
)

}�=b

�=a
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and

Z−
‖ (k) − Z+

‖ (k) =
ζ0

2π|β|
{

2K0(κ
)
I0(κ
)

− 1
[I0(κ
)]2

}�=b

�=a

,

(B.4)
which is identical to (33).

C Proof of the expansion (46)

Let us now give some details for a possible derivation of
(46). In [18], Whittaker and Watson derive an expansion in
rational functions, valid for a function whose singularities
are only simple poles, provided the function stays finite
at points situated between neighboring poles when these
points are going to infinity. With C being the Euler con-
stant, we observe that the function (K0(x)/I0(x)) + (C +
ln(x/2)) is a function of x2 which vanishes at x2 = 0 [11]
and which has only simple poles as singularities. Between
poles, this function goes to infinity like ln(x) instead of
staying finite, but such an infinity is weak enough for the
proof of Whittaker and Watson to still apply. Therefore
we can write [18]

K0(x)
I0(x)

= −
(
C + ln

x

2

)
+

∞∑
n=1

Bn

[
1
j2
n

− 1
x2 + j2

n

]
, (C.1)

where the jn are the zeros of J0(z) and the Bn are constant
coefficients.

By a Taylor expansion it is easy to see that in the
vicinity of a zero ±ijn the function I0(x) behaves as

I0(x) =
J1(jn)
2jn

(x2 + j2
n) + O(x2 + j2

n)2, (C.2)

whereas from the Wronskian

I1(x)K0(x) + I0(x)K1(x) = 1/x

we obtain, for x = ±ijn,

K0(x) =
1

xI1(x)
= − 1

jnJ1(jn)
. (C.3)

Dividing (C.3) by (C.2) we see that in (C.1),

Bn =
2

[J1(jn)]2
. (C.4)

Taking the derivative of (C.1) with respect to x yields,
after multiplication by (−x):

1
[I0(x)]2

= 1 − 2x2
∞∑

n=1

2
[J1(jn)]2(x2 + j2

n)2
, (C.5)

which is the expansion (46).
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